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Self-Consistent Field Approach for Crosslinked Copolymer Materials
Friederike Schmid
Institute of Physics, JGU Mainz, D-55099 Mainz, Germany
A generalized self-consistent field approach for polymer networks with fixed topology is developed.
It is shown that the theory reproduces the localization of crosslinks which is characteristic for gels.
The theory is then used to study the order-disorder transition in regular networks of endlinked
diblock copolymers. Compared to diblock copolymer melts, the transition is shifted towards lower
values of the incompatibility parameter χ (the Flory- Huggins parameter). Moreover, the transition
becomes strongly first order already at the mean-field level. If stress is applied, the transition is
further shifted and finally vanishes in a critical point.
PACS numbers: 64.70.Nd, 64.75.Nd, 6.25.hp, 47.57.jb
Polymers are macromolecules made of a large number
of structurally identical or similar subunits (monomers),
with local monomer interactions that tend to be weak on
the scale of the thermal energy kBT . In polymeric ma-
terials, molecules typically have many interaction part-
ners. Therefore, these systems can often be described
quite satisfactorily by mean field theories. In particular,
the self-consistent field (SCF) theory [1–6] is a powerful
mean field approach for describing inhomogeneous poly-
mer melts and solutions. Originally developed as a theory
for interfaces between immiscible homopolymer phases
[1], it has by now become a standard tool for studying
phase transitions between block copolymer mesophases
[7–9], the self-organization of amphiphilic polymers in
solution [10], or the structure of polymer composite ma-
terials [11–13], to name just a few examples. Numer-
ous extensions have been proposed that allow one to in-
clude, e.g., orientational order [14], electrostatic interac-
tions [15], dynamical processes [16–19] or the effect of
fluctuations [20–22].
Despite these successes, the SCF theory still suffers
from severe restrictions. Most prominently, it is limited
to fluids. Polymers are taken to have full translational
freedom and, consequently, the systems cannot sustain
large shear stress or elastic deformations. Complex flu-
ids may respond elastically to small stress to some extent,
and this can be studied by SCF methods [23, 24], but
they necessarily yield to large stress. In reality, however,
many materials of interest such as rubber are irreversibly
crosslinked, either chemically or physically. Crosslinking
is a popular strategy for stabilizing composite materi-
als or polymeric nanostructures. While SCF approaches
have been devised for describing systems of reversibly
crosslinked polymeric materials [25–27], there exists so
far no SCF theory for irreversibly crosslinked polymer
networks.
In the present paper, we propose a way to overcome
this limitation. We develop a SCF approach for ir-
reversibly crosslinked networks with fixed (quenched)
topology.
As an application example, we then use the method
to study the phase behavior of symmetric cross-linked
diblock copolymers. Specifically, we address the ques-
tion how crosslinking affects the order-disorder transition
(ODT), i.e., the transition between a disordered state
and an ordered microphase separated state. The mi-
crophase separation in fluids of diblock copolymers has
been studied intensely by SCF methods [7–9]. According
to mean-field theory, melts of symmetric diblock copoly-
mers undergo a continuous microphase separation tran-
sition to an ordered lamellar phase upon cooling. Fluc-
tuations shift the transition and it becomes weakly first
order [22, 28, 29]. Whereas this is all well understood
in polymer fluids, the situation in crosslinked systems is
less clear.
Most theoretical studies of microphase separation in
crosslinked polymer blends have focussed on situations
where a blend of incompatible A and B polymers is
first randomly crosslinked in a high-temperature homo-
geneous state and then cooled down. In a seminal paper,
de Gennes predicted a spinodal instability with respect
to microphase separation in such systems [31]. Several
authors have built on this idea and investigated the in-
stability by experiment [32], theory [33–37] and simula-
tion [38, 39]. The influence of random network forces
on the structure of the ordered state was investigated by
elasticity theories [40, 41].
Here, we will consider a slightly different situation:
We will study a diblock copolymer network crosslinked
in a lamellar state, asking whether and how crosslink-
ing stabilizes the lamellar structure. In computer sim-
ulations, Lay et al. [42] found that the lamellar order
of loosely crosslinked ordered diblock copolymer melts
disappears upon heating. We will investigate this phe-
nomenon. More specifically, we will consider a regular
network of endlinked diblock copolymers. Experimen-
tally, the synthesis of such ideal copolymer networks is
coming within reach [43], and simple phenomenological
theories have been devised to predict the expected mi-
crophase separation [44, 45]. A more refined SCF theory
which can predict the phase behavior of such systems
based on molecular parameters is thus clearly desirable.
To introduce the general formalism of the new SCF
approach, we consider for simplicity a regular network
2without dangling ends, with connecting polymer strands
made of different types of monomers α = A,B, .... The
overall strand density is C. The system is defined by (i)
The topology of the network, i.e., the set of crosslinks l
and linker connections 〈jk〉, (ii) the crosslink positions
rj and the conformations of linker strands, which we pa-
rameterize by space curvesRjk(s) with s ∈ [0:1], and (iii)
the sequence of monomers along the strands, described
by characteristic functions η
(α)
jk (s), with η
(α)
jk (s) = 1 if the
chain is occupied by monomers of type α at the position s,
and η
(α)
jk (s) = 0 otherwise (
∑
α η
(α)
jk (s) ≡ 1). Strands are
taken to be Gaussian chains with polymerization index N
and statistical segment length b. The interaction between
monomers is defined by an interaction potential U [{Φˆα}]
which depends on the local monomer fractions Φˆα =
1
C
∑
<jk>
∫ 1
0 dsδ(r−Rjk(s))η(α)jk (s). In the following, we
will mainly consider binary AB melts with Flory-Huggins
interaction U = C
∫
dr
{
χN ΦˆAΦˆB+
κN
2 (ΦˆA+ΦˆB−1)2
}
,
where χ is the Flory-Huggins parameter and κ is related
to the inverse compressibility of the melt. Here and in the
following, the energy units are chosen such that kBT = 1.
The partition function of the whole system thus reads
Z=
∏
l
∫
drl
∏
<jk>
∫
DRjk δ(rj −Rjk(0)) δ(rk −Rjk(1))
× exp
(
−
∑
<mn>
1
R2g
∫ 1
0
ds (
dRmn
ds
)2 + U [{Φˆα}]
)
, (1)
where Rg = b
√
N/6 is the radius of gyration of one
strand. After integrating out the crosslink degrees of
freedom, we recover the partition function of the classi-
cal Deam-Edwards theory for networks [46–49]. In the
present approach, it will prove convenient to keep the
crosslink degrees of freedom explicitly.
We first derive a mean-field approximation for the
contributions of monomer interactions to the free en-
ergy in a standard field-theoretic SCF manner [3]: The
chain conformations are decoupled by inserting iden-
tity operators 1 ∝ ∫∞DΦα ∫i∞DWα eC
∫
drWα(Φα−Φˆα),
where
∫
∞
DΦα and
∫
i∞
DWα denote functional inte-
grals over fluctuating fields Φα(r) and Wα(r). This al-
lows us to rewrite the partition function in the form
Z ∝∏α ∫∞DΦα ∫i∞DWα ∏l ∫ drle−F [{Φα,Wα,rl}] with
F = U [{Φα}]− C
∑
α
∫
dr ΦαWα −
∑
<jk>
lnQjk(rj , rk).
(2)
Here the Qjk(r, r′) are single-chain partition functions of
the linker strands Rjk(s) in the self-consistent field Wα,
subject to the constraint that the ends are located at the
crosslink positions r and r′:
Qjk(r, r′) =
∫
DR
∣∣∣
R(0)=r
R(1)=r′
e−
∫ 1
0
ds η
(α)
jk
(s)Wα(R(s)). (3)
The SCF approximation consists in replacing the fluc-
tuating field integral by its saddle point, i.e., the free
energy is approximated by the minimum of F in Eq. (2)
with respect to the fields Φα andWα. One obtains the set
of self-consistent SCF equations CWα(r) = δU/δΦα(r)
and Φα(r) =
∑
<jk> δ ln(Qjk(rj , rk))/δWα(r). Efficient
strategies to evaluate Qjk and Φα can be found in the
literature [5].
The remaining task is to find a corresponding mean-
field approximation for the integration over the crosslink
degrees of freedom. This is done following an analogous
field-theoretic procedure. We define local crosslink dis-
tribution operators pˆj(r) = δ(r−rj) and insert identities
1 ∝ ∫
∞
Dpj
∫
i∞
Dhj e
∫
dr hj(pj−pˆj). The partition function
is thus rewritten as Z ∝ ∏j ∫∞Dpj ∫i∞Dhj e−F [pj ,hj]
with the new free energy functional
F = U [{Φα}]− C
∑
α
∫
dr ΦαWα
−
∑
<ij>
∫ ∫
dr dr′ pj(r) pk(r
′) lnQjk(r, r′)
−
∑
l
∫
dr hl(r) pl(r) −
∑
l
ln(Nl) (4)
with Nl =
∫
dr e−hl(r). The mean-field approximation
then again consists in carrying out a saddle point inte-
gration, i.e., minimizing F in Eq. (4) with respect to pj
and hj . This results in the mean-field equations
hj(r) = −
∑
{k}j
∫
dr′ pk(r
′) ln(Qjk(r, r′)) (5)
pj(r) = N−1j e−hj(r), (6)
where the sum
∑
{k}j
runs over the crosslinks k that are
directly linked with j.
As a side note, we remark that the free energy expres-
sion in Eq. (2) has the structure of a Hamiltonian for a
lattice model with sites j, continuous degrees of freedom
rj , and “interactions” lnQjk. Thus, mean field methods
developed for lattice models can be applied in the present
problem as well. The approximation derived above is
equivalent to the popular Bragg-Williams approximation
[50] in a version for continuous degrees of freedom. It
yields the same equations, (4-6). Other more sophisti-
cated approximations such as the Bethe approximation
[50] can be adopted as well. More details are found in
the supplemental information. Unless stated otherwise,
we will use Eqs. (4) – (6) here, i.e., the Bragg-Williams
approximation.
In the absence of any monomer interactions (phantom
networks), the mean-field equations (5) and (6) can be
solved analytically. For regular networks with equivalent
crosslinks, the crosslinks are centered about their respec-
tive mean position Rj with a Gaussian distribution,
pj(r) = R
−d
g
√
f
4pi
d
exp
(− f
4R2g
(r−Rj)2
)
, (7)
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FIG. 1: Distribution of individual crosslinks about their aver-
age position in a 2D melt of almost incompressible endlinked
homopolymers (κN = 100) at polymer density CR2g = 4,
calculated within the Bragg-Williams approximation (a), and
the Bethe approximation (b). The network has the topology
of a square lattice (see inset in b). The distribution in (a) is
indistinguishable from Eq. (7) with f = 4 and d = 2.
where f is the functionality of the crosslink and d the
spatial dimension. Thus the theory reproduces the phe-
nomenon of crosslink localization on a scale of Rg, in
agreement with theories of the sol-gel transition in net-
works [47–49].
Interacting networks swell due to the excluded volume
interactions. As a result, the mean crosslink positionsRj
move apart. In incompressible materials, however, the
shape of the crosslink distribution is barely affected by the
swelling. Fig. 1 shows numerical results for an interacting
network with square topology in two dimensions (2D)
[30] in the Bragg-William and the Bethe approximation
(equations are given in the supplemental information).
The Bragg-William result is practically indistinguishable
from the prediction of Eq. (7).
Likewise, the crosslink distribution does not change if
the network is deformed elastically. Fig. 2(c)(top panel)
shows the crosslink distribution for an (almost) incom-
pressible homopolymer network that has been stretched
considerably in one direction. It can be described almost
perfectly by Eq. (7). Specifically, we consider the net-
work “unit cell” sketched in Fig. 2 with side length lz.
In the mechanically relaxed state, lz takes the equilib-
rium value lz = l
∗ = 2/
√
C. If the cells are stretched
to lz ≫ l∗, the free energy per strand as a function of
lz rises quadratically according to F/nStrands ≈ l2z/(16R2g)
(see Fig. 2(b), case χN = 0), which corresponds to the
behavior of phantom networks of Gaussian chains. In-
compressible homopolymer networks behave very much
like phantom networks. Deviations only start to set in for
strongly swollen networks with strand densities C below
a crossover value C∗ = R−dg (with the spatial dimension
d), which is the network equivalent of the overlap con-
centration in polymer solutions [51].
This changes in networks of AB copolymers. We con-
sider the same (2D) square network as above[30], now
made of AB diblock copolymers which are endlinked such
that A ends join A and B ends join B (Fig. 2(a). By
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FIG. 2: Properties of a stretched AB diblock copolymer net-
work in the 2D square topology sketched in (a) at κN = 100
and strand density CR2g → ∞. The case χN = 0 also de-
scribes homopolymer networks. (b) Free energy per strand vs.
imposed cell length lz for different values of χN as indicated.
Arrows mark lz = 3.245Rg . (c) Composition profile (ΦA,B :
dashed and dot-dashed lines) and crosslink distribution pro-
file (P : dotted and shaded curve) across a lamella at imposed
cell length lz = 3.245Rg for χN = 0 (top), and χN = 10.235
(bottom). For comparison, thin solid line shows crosslink dis-
tribution for non-stretched ideal (phantom) chains (Eq. (7)).
stretching the network in the z direction, an average
distance lz/2 is imposed between neighboring A and B
crosslinks, which induces a separation between A rich and
B rich regions (Fig. 2(c). At χN = 0, the free energy
rises monotonically as a function of lz as discussed above
(homopolymer case). As χN is increased, a minimum
at nonzero lz develops and gradually deepens (Fig. 2(b).
This minimum dominates beyond χN = 10.235, and the
network undergoes an order-disorder transition (ODT)
from a disordered state (with lz = l
∗ ≪ Rg) to a mi-
crophase separated lamellar state with lamellar spacing
lz = 3.245Rg. Compared to the noninteracting stretched
structure at same lz, the stable lamellar state at the ODT
is characterized by higher segregation, and by a narrower,
more localized crosslink distribution.
Comparing the ODT in the network to the ODT
in copolymer melts, one notices striking dissimilarities.
First, the transition is strongly first order already at the
mean-field level. Second, stretching the system stabi-
lizes the ordered phase. Free energy curves such as those
shown in Fig. 2(b) can be used to construct a phase di-
agram as a function of the average force Fz acting on a
strand. The result is shown in Fig. 3. As the system
is stretched, the first order transition gradually moves
to lower χN until it finally ends in a critical point at
(χN)c = 3. The critical point in the network is thus
found at much lower χN than the critical point in the
melt ((χN)c = 10.425). However, the ODT in the stress-
free system (at Fz = 0), is only slightly shifted compared
to the melt.
The exact value of the ODT depends on the network
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FIG. 3: Phase diagram for the system of Fig. 2 in the plane
of χN vs. (a) the average force acting on a strand Fz, (b)
the imposed cell length lz. Solid lines: coexistence. Dashed
lines: spinodals. Dotted line in (b): lamellar distance lz of
(metastable or stable) ordered state in the stress free system.
topology and on the spatial dimension. For comparison,
we have also calculated the phase behavior for a three di-
mensional network with body-centered cubic (bcc) topol-
ogy (Fig. 4). The resulting phase diagram is similar to
the two-dimensional one. The shift of the ODT is more
pronounced, but still not spectacular. Thus we find that
weak crosslinking does not stabilize lamellar order effi-
ciently, in agreement with the simulation results of Lay
et al. [42].
Finally, we discuss the elastic behavior of the network.
We focus on the three-dimensional case, and calculate
Young’s moduli for our bcc topology. In the isotropic dis-
ordered state, the modulus is given by Bi = 1.5C
1/3/R2g,
indicating that the network becomes stiff at high strand
density C. In the ordered state, the modulus depends
on the direction of applied stress. The elastic response
to stretching in the direction normal to the lamellae is
stiffer than in the isotropic case, Bn = 2.12C. In con-
trast, the system is soft in the parallel directions, with a
modulus that does not depend on C at all, B‖ = 1.36/R
2
g.
Hence, the elastic penalty for stretching lamellae in plane
is found to be much smaller than the penalty for stretch-
ing them in the normal direction. This is compatible
with a prediction of Panyukov and Rubinstein [40] based
on a phenomenological model for networks. On applying
stress to a microphase separated system with initially
randomly oriented lamellae, one thus expects the lamel-
lae to be kinetically driven towards aligning parallel to
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FIG. 4: Same as Fig. 3 for a three-dimensional network with
a bcc topology (see cartoon inset in (a)).
the applied stress. This was indeed observed experimen-
tally [52]. The true state of lowest free energy, however, is
one where the lamellae are oriented normal to the stress,
such that the (elongated) copolymer strands are aligned
parallel to the applied force. Lamellae with parallel orien-
tation can only reach this state by copolymer reordering,
which involves crossing an energy barrier. Hence the par-
allel orientation might be stabilized kinetically in many
cases, even though the true equilibrium state is one with
normal orientation.
To summarize, we have presented a way to extend the
SCF theory to quenched polymer networks. It opens up
a wide range of new applications for the SCF approach,
such as the study of chemically or physically crosslinked
systems, or of liquid crystalline elastomers (using suitable
extensions of the SCF theory [14]). We have used the ap-
proach to study the ODT in networks of diblock copoly-
mers, and the results were compatible with available sim-
ulations, experiments, and phenomenological theories.
In the present paper, the theory was developed for reg-
ular networks. The next step in future work will be to in-
clude disorder, and disorder averages, e.g., within a CPA
(Coherent Potential Approximation) type approach. In
this context, it will be interesting to establish the connec-
tion to classical field theories of networks based on the
Deam-Edwards approach [46–48], which focus on the pro-
cess of generating topological disorder during crosslink-
ing. Another important issue is the effect of entangle-
ments. The present theory ignores topological interac-
tions by construction (since the monomers have no hard-
core interactions). However, the effect of entanglements
may be similar to that of physical crosslinks, e.g., in in-
terpenetrating networks [53–55], and it might be possible
to treat them as effective crosslinks in some cases.
The present theory can also be used as a starting point
for simpler Landau-type expansions. For example, the
derivation of a RPA (Random Phase Approximation)
theory [56] for networks might give additional insight into
the nature of the phase transitions in the system.
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Supplemental information
In the following, we give and motivate the mean-field
equations for polymer crosslink distributions in the Bethe
approximation, which were used to obtain Fig. 1 (b). To
put the Bethe approximation into context, we begin with
giving an alternative derivation of the Bragg-Williams
equations, Eqs. (4-6), which does not rely on field theory,
but adopts a more traditional approach [1].
The starting point is Eq. (2), which defines an ”effective
Hamiltonian” of the form
F = F0 −
∑
<jk>
lnQjk(rj , rk), (8)
where the sum <jk> runs over connected neighbors and
F0 does not depend explicitly on the crosslink positions
rj . (It does of course depend implicitly on the crosslink
positions, once the self-consistent solution for the densi-
ties Φ and fields W has been inserted, but here we may
take Φ and W to be fixed).
The free energy of the system is given by
F = 〈F〉 − S, (9)
with the average energy 〈F〉 and the entropy S. As be-
fore, the temperature has been set to one. Our task is
to evaluate and minimize this expression with respect to
the global distribution function of the M crosslinks in
the system, P (r1, · · · , rM ).
6In the Bragg-Williams approximation, one as-
sumes that the global distribution function factorizes,
P (r1, · · · , rm) =
∏
l pl(rl). Inserting this gives the av-
erage energy
〈F〉BW ≈ F0 −
∑
<jk>
∫ ∫
dr dr′ pj(r) pk(r
′) lnQjk(r, r′)
(10)
and the entropy of the crosslink distribution
SBW ≈ −
∑
l
∫
dr pl(r) ln(pl(r)). (11)
The minimization of Eq. (9) with respect to the functions
pl(r) under the constraint
∫
dr pl(r) = 1 for all l results
in Eqs. (5) and (6), and the free energy (4).
Whereas all correlations between crosslinks are ne-
glected in the Bragg-Williams approximation, the
Bethe approximation accounts for correlations between
crosslinks that are directly connected (i.e., that have di-
rect interactions with each other). Hence the factoriza-
tion approximation is dropped for these pairs, and the
global distribution function is approximated by
P (r1, · · · , rM ) =
∏
<jk>
p
(2)
jk (rj , rk)
/∏
l
[pl(rl)]
cl−1, (12)
where p
(2)
jk are the pair distribution functions, and
cl is the connectivity of crosslink l. We note that
p
(2)
mn(rm, rn)/pn(rn) is the conditional probability of find-
ing the crosslinkm at position rm, if crosslink n is at posi-
tion rn. Using this relation, one can easily check that the
approximation (12) fulfills
∏
l 6=(j,k)
∫
drlP (r1, · · · rm) =
p
(2)
jk (rj , rk). The approximation (12) results in the ex-
pression [1]
〈F〉Bethe ≈ F0 −
∑
<jk>
∫ ∫
dr dr′ p
(2)
jk (r, r
′) lnQjk(r, r′)
(13)
for the energy, and
SBethe ≈ −
∑
<jk>
∫ ∫
dr dr′ p
(2)
jk (r, r
′) ln(p
(2)
jk (r, r
′))
+
∑
l
(cl − 1)
∫
dr pl(r) ln(pj(r)). (14)
for the entropy. After minimizing again Eq. (9) with
respect to p
(2)
jk and pl, subject to the constraints∫
dr p
(2)
jk (r, r
′) = pk(r
′),
∫
dr′ p
(2)
jk (r, r
′) = pj(r), and∫
dr pl(r) = 1, we finally obtain the Bethe equations
p
(2)
jk (r, r
′) =Mjk(r)Qjk(r, r′)Mjk(r′) (15)
pl(r) = Nl
∏
{j}l
Mjl(r)1/(cl−1)
∏
{j′}l
Mj′l(r)1/(cl−1). (16)
Here the products
∏
{j}l
and
∏
{j′}l
run over the con-
nected neighbors of the crosslink l, and the functions
Mjk(r),Mjk(r), as well as the constants Nl must be de-
termined self-consistently such that the constraints are
satisfied. The resulting free energy in Bethe approxima-
tion takes the simple form
FBethe = F0 −
∑
l
(cl − 1)Nl. (17)
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